Abstract: Germanium is becoming an important material for mid-infrared photonics, but the modulation mechanisms in Ge are not yet well understood. In this paper, we estimate the size of free-carrier electroabsorption and electrorefraction effects in germanium across the 2-to 16-m wavelength range at 300 K. The predictions are based as much as possible upon experimental absorption data from the literature and are supported by extrapolations from experimental data using first-principle quantum theoretical modeling. We find that free-carrier absorption is substantially stronger in Ge than in Si.
Introduction
Germanium is becoming an increasingly more important material for photonics, especially in the mid-infrared [1] , due to its transparency over a wide wavelength range (2-16.7 m) [2] .
The material also exhibits other properties that make it an attractive target for photonics, namely a high refractive index (n ¼ 4:0-4.1 for wavelengths of 2-20 m) [3] , a large 3 nonlinearity [4] , [5] , high carrier mobility [6] , and it is compatible with silicon processing. The first germanium on silicon (Ge-on-Si) waveguides for the mid-infrared were demonstrated in 2012 [7] , and since then Ge-on-Si waveguides with losses G 1 dB/cm have been realized [8] , as well as Ge-on-Si spectrometers [9] and multimode interferometers [8] .
Modulation is a key function in photonic systems, which has not yet been adequately addressed in Ge. Like silicon, Ge has a centrosymmetric crystalline structure and therefore has a very weak Pockels effect and Kerr effect, while the Franz-Keldysh effect is not significant for wavelengths longer than $1:6 m, therefore useful modulation mechanisms in Ge are likely to be the thermo-optic effect [10] , [11] , which is $ 3Â greater than that in silicon [12] but is relatively slow, and the free-carrier plasma effect. So far, free-carrier absorption modulation in Ge waveguides has been demonstrated experimentally only by pumping a Ge waveguide with below-bandgap light to generate free carriers [13] .
The free-carrier plasma effect (abbreviated here as FCE for free-carrier effect) relies on altering the electron and hole concentration in crystalline germanium, which alters the absorption coefficient ðÁÞ and the refractive index ðÁnÞ of the bulk material. In silicon the electroabsorption and electrorefraction due to a change in charge carrier concentrations can be calculated from simple expressions for Á versus ÁN e and ÁN h , and Án versus ÁN e and ÁN h at near-infrared (NIR) [14] and mid-infrared (MIR) [15] wavelengths, which have been calculated from absorption spectra of doped silicon wafers, and from using Kramers-Kronig (KK) equations to calculate the refractive index change at different charge carrier concentrations. In this paper we adopt a similar approach for germanium, using absorption spectra of doped germanium from the literature as much as possible.
To be specific, we determine Á e , Á h , Án e and Án h , where Á e ¼ e ð" h!; N e Þ À i ð" h!; N i Þ and Á h ¼ h ð" h!; N h Þ À i ð" h!; N i Þ where the absorption i of intrinsic Ge is taken as zero over the wavelength range of interest, and where e and h are the experimental doped-Ge values. Then we found Án e;h using the KK integral with Á e;h in the numerator of the integrand as shown below. Because absorption spectra over the photon energy range 0 to 1 are required for KK and the availability of experimental data is limited in some parts of the spectrum, we use a first-principles quantum theoretical model to extrapolate from these data over a broader wavelength range. Throughout this work, we have assumed that the temperature is 300 K and that there is no strain in the Ge. The hybrid empirical/theoretical absorption spectra are used as the inputs to Kramers-Kronig equations, in order to calculate the dependence of refractive index on charge carrier concentration. As shown here, Ge has a significant FCE advantage over Si.
Modeling Absorption in Germanium
Free-carrier absorption can most simply be modelled using the Drude theory for simple classical conductivity of charge-carriers under an applied optical electric field. However, it has been noted that the Drude model is inadequate for fully describing free carrier absorption [16] , [17] , and some of its shortcomings can be seen in the absorption spectra of Ge that are available in the literature.
Literature Review of Doped Ge Absorption Spectra
The Drude model in its simplest form predicts a 2 dependence of the free-carrier absorption, and although in reality the power dependence differs from this slightly, the predicted smooth increase of the absorption spectrum of n-type Ge with increasing wavelength (decreasing photon energy) can be seen in the experimental absorption spectra. Figs. 1 and 2 show a selection of Fig. 1 . N-type doped Ge absorption spectra from the literature. The references for each curve group are "Fistul" [21] , "Spitzer" [19] , "Pankove" [18] , Munesue [20] , and "Intrinsic" [25] . The table to the right shows the n-type dopant concentration of each sample. the collated absorption spectra for n-and p-type Ge, respectively, which have been digitised from [18] - [24] , and where needed their scales have been transformed to be plotted in terms of photon energy (eV) on the x-axis and absorption coefficient ðcm À1 Þ on the y-axis. The absorption spectrum of intrinsic Ge from [25] is also plotted in both figures.
The absorption in Fig. 1 at photon energies smaller than the fundamental indirect absorption edge (i.e., " h!G $ 0:66 eV) is due to intravalley transitions, where an absorbed photon causes a charge carrier to be raised to a higher energy level within the conduction band. It is an indirect process, which relies on scattering from the lattice or from ionized impurities for momentum conservation, as shown in Fig. 3(b) .
In p-type Ge the similar process of intravalley free-carrier absorption due to intravalence band transitions is significant, but it is clear from experimental p-type spectra that absorption bands arising from other mechanisms dominate the absorption spectrum throughout the NIR and MIR, and these absorption bands are not predicted by Drude theory.
The literature data show that the absorption bands centred at 0.15 eV, 0.27 eV, and 0.4 eV are dependent on the doping concentration. Investigation of compensated material in the literature has shown that the absorption bands are the result of holes, not the dopant [22] , and it is now known that these bands are due to intervalence band transitions [23] , [26] . The structure of the valence bands is shown in Fig. 3(b) , and the transitions between the three bands are labeled on both Figs. 2 and 3(b). Fig. 2 . P-type doped Ge absorption spectra from the literature. The references for each curve group are "Briggs" [22] , "Munesue" [20] , "Newman" [24] , "Spitzer" [19] , and "Intrinsic" [25] . The table to the right shows the p-type dopant concentration of each sample. 
Theoretical Models
The total free-carrier absorption can be calculated by summation of all of the contributing free-carrier dependent absorption processes. For electrons in unstrained Ge, the intravalley absorption is the only significant mechanism (although we also briefly discuss indirect inter conduction band free-carrier absorption in this section), while for holes, both the intravalley and intervalley free carrier absorptions must be considered.
Intravalley Free-Carrier Absorption
We model the intravalley component of the free-carrier absorption (FCA) using the theoretical model of Tsai et al. [17] , which is based on the second order perturbation theory of quantum mechanics. This model has previously been applied by Wang et al. [27] to the case of n-type Ge. In intravalley FCA the absorption is an indirect process, where absorption of a photon raises a carrier to a higher energy level within the same band, assisted by a phonon for momentum conservation. In the Tsai theory the interactions between carriers and the different phonon types (polar optical phonon, deformation potential optical phonon, deformation potential acoustic phonon, piezoelectric acoustic phonon and charged impurity) during the intravalley transition are considered. In the case of Ge the polar optical phonon and piezoelectric phonon can be neglected due to the material's centrosymmetric crystal structure. Absorption assisted by impurities is not included in the final calculation, because for this work we are interested predominantly in cases where the charge carrier concentrations, and the associated absorption coefficient and refractive index change, are changing independently of the impurity concentration. The Tsai FCA model improves on previous theoretical models of the effect [16] , [28] by accounting for the state-filling effect and degenerate carrier distribution. Table 1 shows the values of the material constants used with the model, alongside the sources of the data.
Intervalence Band Free-Carrier Absorption
Intervalence band transitions in p-type Ge are direct transitions of carriers between the heavy hole (HH), light hole (LH), and split-off spin orbit (SO) bands. Basu [38] gives the optical TABLE 1 Material constants of germanium from the literature, which are used in the theoretical model absorption due to transitions between a band i to a band j as
where C is a dimensionless constant, k is the momentum wavevector, f i and f j are the occupational probabilities of the two bands, and E i and E j are the energies of the two bands. The first is the Dirac delta function, and the k i ;k j is the Kronecker delta function, where k i ;k j ¼ 1 when k i ¼ k j , and k i ;k j ¼ 0 when k i 6 ¼ k j . This reduces the summation over k i and k j to a single summation over k [38] , and effectively restricts allowed transitions to only direct transitions. hjM ij j 2 i
is the square of the interaction matrix element between the initial and final states of carriers averaged over all directions (valid if we assume random light polarization) and is given by
where A ij is a dimensionless parameter that is dependent on which two bands the transition is occurring between. Following Basu, we convert the summation in (2) into an integral using the prescription
Equation (1) can then be rewritten as
We calculate the occupational probabilities f i and f j using the Fermi-Dirac distribution function of carriers, for consistency with the Tsai theory, and to account for the degenerate carrier case. In his consideration Basu uses the parabolic band approximation for calculation of the energy bands, but we find in practice that when a non-parabolic band structure is used the shape of the theoretically calculated bands much more closely matches the shape of experimentally measured absorption bands. The non-parabolic band structure is calculated with the analytical expressions for the valence bands of Ge produced by Rodriguez-Bolivar et al. [39] , which are fits to the results of rigorous theoretical band structure calculations based on the pseudopotential method. The carrier distribution function is also modified to reflect the non-parabolicity following the method of Rodriguez-Bolivar et al. [39] .
We also found that incorporating the effect of temperature dependent lifetime broadening into the model substantially improved the agreement with literature data, which has previously been noted for the case of p-type absorption in Ge at low temperatures in [40] . We do this by replacing the Dirac delta function in (4) with a Lorentzian probability density function so that
where is the parameter that determines the width of the broadening.
Far-Infrared Free-Carrier Absorption
In the far-infrared wavelength region the absorption spectrum of doped silicon is known from experimental data to saturate [41] , [42] , and the same process can be expected to occur in Ge both from classical theory [42] and in the quantum mechanical description [16] . According to the explanation of [16] , in the far-infrared the energy of optical photons becomes comparable to, and eventually smaller than, the energy of phonons; therefore, absorption assisted by phonon absorption is no longer possible, but absorption assisted by phonon emission is possible. The phonon emission assisted optical absorption is approximately inversely proportional to the square of the phonon frequency, which is finite and constant. There is therefore a far-IR saturation of the free-carrier absorption spectrum. However, the theory applied in the Tsai et al. model does not incorporate this effect, therefore in this work a saturation is implemented by artificially applying a levelling off of the absorption spectra for wavelengths smaller than the optical phonon energy, " h! 0 , and using a moving average window filter to smooth the curve near the discontinuity.
Indirect Interband Free-Carrier Absorption
In some materials, e.g., Si and GaAs, there are significant absorption bands in the n-type absorption spectra that are the result of indirect intervalley FCA, resulting when an electron is raised to a higher energy level in a different valley of the conduction band, assisted by a phonon. We estimated the size of this effect using the Tsai et al. theoretical model [17] and found that absorption arising from this effect was negligible compared to intravalley FCA. The material constants in Table 1 were used in this calculation. This conclusion is supported by the shape of the n-type Ge absorption spectra, which corresponds well to that expected from intravalley FCA. It is worth noting that this may only be true for unstrained Ge; in [27] , the absorption spectrum of n-type tensile strained Ge was measured, and displayed a response in one part of the spectrum that was ascribed to intervalley absorption.
Merging Experimental and Theoretical Absorption Spectra

N-Type Ge Absorption Spectra
For n-type Ge the shape of the theoretically calculated absorption spectra agreed well with the literature spectra. However, there were slight discrepancies between the magnitudes of theoretical absorption curves and experimental absorption curves with the same charge-carrier concentrations. Additionally, there were discrepancies between curves of similar charge carrier concentrations from both the same data sets and from different literature sources. Therefore, a multiplication factor was introduced as a fitting parameter into the theoretical absorption model. The theoretical model was fitted to each experimental curve using a numerical nonlinear curve fitting method [43] , and the fitted multiplication factor was recorded for each curve. For this fitting the absorption due to charged impurities was included in the total absorption, to reflect the case of doped germanium, where the impurity concentration can be assumed to be equal to the free-carrier concentration. Note that which element is used as the N-type dopant does not affect this calculation. The value of the multiplication factor used for final calculations was 2.08, which was the median of all of the fitting parameters. There was no clear correlation between the fitted multiplication factor and charge-carrier concentration. When calculating the final free-carrier absorption the absorption resulting from charged impurities was neglected. Finally, the far-infrared saturation was applied as described previously. The adjusted theoretical free-carrier absorption spectra for different electron concentrations are shown in Fig. 4. 
P-Type Ge Absorption Spectra
The shapes of the heavy hole to light hole and heavy hole to split-off band absorptions could be satisfactorily reproduced only when fitting parameters were introduced. The fitting parameters that were used were the multiplying factors C HL and C LS from (3), the spherical coordinate angles in K space and , which appear in the Rodriguez-Bolivar et al. [39] models for the nonparabolic valence band structures, and the factor in the Lorentzian broadening. Additionally, a multiplying factor A was introduced to the intravalley FCA, as in the calculation of n-type absorption.
In this work, the absorption at photon energies in the range 0.1 eV-0.6 eV was found by interpolation of the literature absorption spectra in Fig. 2 . For extrapolation to higher photon energies the theoretical spectrum is fitted to the interpolated spectrum over the range 0.4-0.6 eV, using the parameters C HS , , and . Using the fitted parameters the theoretical spectrum is calculated from 0.6 eV to 3.0 eV, and the join between the two curves is smoothed using a simple moving average window filter. For low photon energies the same process is used, but in this case the parameters C HL , , , and A are fitted over the range 0.1 eV to 0.2 eV. Again the calculated absorption is used to extrapolate to lower photon energies, and the joins between the curves are smoothed. In the far-IR a saturation is implemented in the same way as for n-type Ge.
In Fig. 5 the resulting change in absorption coefficient spectra are plotted for several charge carrier concentrations in the range 3:2 Â 10 15 À 1 Â 10 19 cm À3 . The absorption has been plotted both for the case where impurity assisted absorption is included, which is the case for doped Ge, and without this absorption, which corresponds to the case of charge-carrier injection or depletion.
The significant sources of possible error in the calculation of these absorption spectra arise predominantly from the scarcity of available data in the literature, particularly in the far-infrared region of the spectrum, below 0.1 eV. Therefore the fitting relies on only a few data points, and we are unable to verify the level and wavelength of the far-IR saturation. Additionally, for both n-type and p-type Ge the theory appears to underestimate the intravalley FCA absorption. This may be because the Tsai et al. theoretical model does not account for the nonparabolicity of the Ge band structure. However, further experimental or theoretical work is required to determine whether the discrepancy is the result of errors in the calculation of the absorption due to optical phonons, acoustic phonons, or charged impurities, or whether there are any experimental measurement errors. A complicating factor might be that in some heavily doped samples the impurity concentration and charge-carrier concentration are not equal due to incomplete ionization of impurity atoms [21] , which can depend on the dopant used.
However, the spectra in Figs. 4 and 5 represent the most complete data currently available for the change in absorption coefficient due to charge carriers, and following the hybrid experimental/theoretical approach allows for the influence of ionized impurities on free-carrier absorption to be removed.
Refractive Index Change Calculation
The change in refractive index was calculated from the hybrid absorption coefficient spectra at discrete electron and hole concentrations in the range 1:8 Â 10 15 cm À3 to 1:0 Â 10 19 cm À3 using Kramers-Kronig equations. The change in refractive index and change in absorption coefficient are related by
where V is the normalized photon energy, defined as V ¼ " h!=e, (cm.V) is the unit for the factor outside the integral, and P indicates that the principal part of the integral must be taken, as there is a singularity at V 0 ¼ V . The Kramers-Kronig integration was carried out by a trapezoidal rule integration method, as previously described in [15] , over the photon energy range 0-3 eV, with increments of 0.005 eV. The resulting spectra are shown in Fig. 6 (a) for electrons and in Fig. 6(b) for holes. In both figures spectra have been plotted with and without the effect of charged impurities on absorption.
Charged impurities can be seen to have a significant effect on Án for electrons for concentrations greater than approximately N e ¼ 1 Â 10 18 cm À3 , and for holes above N h ¼ 1 Â 10 17 cm À3 . For holes, when charged impurities are not included Án becomes positive at high carrier concentrations and long wavelengths (i.e., for N h ¼ 1 Â 10 17 cm À3 , Án is positive for 13 m G G 18 m).
In Fig. 7 , predictions of the refractive index change calculated using this method are compared to experimentally measured values of the refractive index from literature [23] The calculated change in refractive index values for those same carrier concentrations, which include the charged impurity contribution to free-carrier absorption, have been added to the refractive index spectrum of intrinsic Ge from [3] , and are plotted on the same graph.
The comparison of the predicted data and literature data shows an agreement of the order of magnitude of ÀÁn for both electrons and holes. However, the p-type Ge model overestimates ÀÁn compared to the literature spectrum, particularly at the lower end of the wavelength range, and there is no p-type data for G 7:8 m, so it is impossible to compare the agreement in this range. For n-type Ge the discrepancy between experimental and calculated ÀÁn is smaller, but the lone data point at 7.2 m is offset from the calculated line. As with the absorption spectra, the scarcity of experimental data is a hindrance in understanding how accurate the calculated model is.
Results and Discussion
The red curves in Figs. 4-6 represent the case in which there is "background doping" that assists (adds to) the change in FCA. This corresponds to absorption spectra of doped wafers, where each absorption curve has different impurity concentrations as well as different charge carrier concentrations. Therefore the red curves for EA are effectively an extrapolation/fitting of the literature absorption spectra. Fig. 7 shows a comparison between the refractive index spectra of doped wafers from the literature and the calculated refractive index change, when changing impurity/doping concentration is included in the calculation. The black curves in Figs. 4-6 correspond to the situation in group IV EO modulators, where the impurity concentration is constant, but the charge carrier concentration is changing. The black lines are therefore preferred for device predictions, and the "device coefficients" given below have been fitted to this data. The black lines have been calculated by first fitting/extrapolating the red lines to the experimental spectra, and then subtracting the contribution of changing impurity concentration to FCA.
In order to produce a convenient design tool for modeling devices based on free-carrier absorption in Ge, equations of the simple form shown in (8) and (9), shown below, have been fitted to plots of Á versus ÁN e , Á versus ÁN h , ÀÁn versus ÁN e and ÀÁn versus ÁN h . The fitted coefficients are shown in Table 2 for wavelengths between 2 m and 16 m at intervals of 0.5 m. . Calculated values for Án due to doping are subtracted from refractive index data of intrinsic Ge from [3] . Calculated curves include absorption resulting from charged impurity scattering.
limit of the fitting range for each wavelength is shown in the final column of the 
The shape of the ÀÁn versus ÁN h trend changes at very high carrier concentrations (particularly at longer wavelengths) due to the material becoming degenerate, therefore in order to maintain simple fitting equations we simply reduce the ÁN h range of fitting where necessary. As an example the calculated ÀÁn versus ÁN h data is shown alongside the fitted lines for different wavelengths in Fig. 8 .
Comparison of FCE in Ge With FCE in Si
Looking at the absorption spectra for both p-doped Ge and p-doped Si, we see that FCA in p-Ge is fundamentally different from that in p-Si because of the intervalence-band local absorption maxima that are present only in Ge. These Ge absorption peaks or "humps" affect both ER and EA in p-Ge. There are two consequences: 1) The EA is larger in p-Ge than in p-Si, and 2) the ER in p-Ge is actually slightly weaker than that in p-Si. This occurs for reasons related to the KK relations. At a localized absorption peak at photon energy " h! p , the induced index change Án has a derivative shape as a function of " h! (derivative with respect to the -versus-" h! shape). KK then dictates that the Án is somewhat depressed at photon energies slightly larger than " h! p . Specifically, for p-Ge, there are local absorption peaks at " h! which is midway between the low and high injection values presented in Fig. 6 (a) and (b). Now we shall examine ðn þ iÁk =ÁNÞ for both semiconductors. The Silicon FCE is presented in detail over the 1.3 to 14 m range by Nedeljkovic et al. [15] . Table 1 in that paper is used to determine the 2-12 m responses of Si. Table 2 of this paper predicts the Ge response.
First we plot in Fig. 9 (a) the ER in these two materials (Án e ðGeÞ, Án e ðSiÞ, Án h ðGeÞ and Án h ðSiÞ) as a function of wavelength, on the same graph. It is seen that Án h ðGeÞ is smaller thanÁn h ðSiÞ, particularly for > 7 m, while Án e ðGeÞ is greater than Án e ðSiÞ throughout the range. Next the induced absorption is plotted versus in Fig. 9(b) , where Á e and Á h of Ge are both significantly stronger than the corresponding Á in silicon. In designing the new group IV EO modulators, it is often valuable to know the size of the induced phase shift with respect to the size of the induced amplitude shift. For that reason, we examined the ratio ÀÁn=Ák (where k ¼ =4), in Ge and Si for both the electron and hole cases, with the result given in Fig. 10 where it is found that the ratio is generally smaller in Ge than in Si, particularly in p-type Ge. Additionally, ÀÁn=Ák generally decreases with wavelength. This indicates that in Ge FCE modulators exploiting electroabsorption will be more effective than those exploiting electrorefraction.
We shall close this section with a comment on the Drude model that has elsewhere been employed to catalog the relative Ge and Si behavior. Firstly, it is an implicit assumption of the model that all bands of the semiconductor are parabolic, which is an over simplification. More significantly, it ignores some free-carrier related absorption mechanisms, namely any interband absorption processes, which we have seen are significant in p-type Ge, as well as in n-type Si. This explains the discrepancies between the Soref-Friedman model [44] and the present work.
Prospects for FCE in SiGeSn
The FCE is expected to be "generally strong" in the group IV ternary alloy SiGeSn, although it is difficult to quantify this strength without going into a detailed KK analysisVa calculation requiring spectra not yet measured. The energy E g of the fundamental bandgapVwhether the gap is indirect or directVis tunable by the choice of composition xy in Si 1Àx Ày Ge x Sn y (that is, E g is tunable "by design") and the cubic lattice parameter can be varied independently [45] . The attainment of a direct bandgap is governed mainly by the tin content of the ternary. Typically, directness is found for a tin fraction above 9%. This materials system is the foundation of a silicon-based SiGeSn heterostructure technology in which a complete suite of integrated optical components, both active and passive, can in principle be built on silicon using these group IV alloys [46] . Single mode SiGeSn channel waveguide designs are now available for the midwave/ longwave infrared [47] , and the range of transparency (high transmission) can be 2 to 20 m, for example, with the starting wavelength dependent upon bandgap ð" h! 9 E g Þ. Therefore, in association with such waveguides, we anticipate that SiGeSn waveguide core material is a prime candidate for a new type of free-carrier electrooptical modulator situated in the monolithic CMOS-compatible group IV chip. Taking the example of a GeSn FCE modulator possessing about 10% Sn content, we expect that the GeSn FCE core-response will be slightly stronger than that of Ge and will have electrooptical application at wavelengths beyond 2.8 m.
We shall close this section with a comment on the carrier-related plasmonic properties of Ge and SiGeSn. It is shown above for Ge (and by extension SiGeSn) that heavily "injected" Ge experiences a strong modification of its n þ iÁk index, n 00 þ iÁk 00 ¼ n À Án þ iðk þ Ák Þ being the perturbed index. Because the Án and Ák perturbation is large and increases with increasing wavelength, it is clear that the real permittivity " r of the SiGeSn will become negative above a threshold wavelength and threshold injection since " r ¼ n 0 2 À k 0 2 . This negative-" "crossover" occurs at the plasmonic resonance wavelength ð p Þ. Then, at 9 p , the SiGeSn becomes a practical "plasmonic conductor", taking the place of a metal in a composite metal/dielectric structure that could be deployed in plasmonic waveguides devices [48] . Therefore, our free carrier analysis also highlights some plasmonic-photonic possibilities.
Conclusion
We have produced predictions of the free carrier effect in germanium, in order to facilitate the design of electrically controlled structures exploiting FCE in Ge throughout the 2-16 m wavelength range. The predictions lead to the conclusion that Ge modulators exploiting free-carrier electroabsorption are likely to be more effective than those using electrorefraction.
The predictions are based partly on experimental data for N-and P-doped Ge absorption from various literature sources, and partly on first principles theoretical calculations. We see relatively good agreement between experiment and theory, but ultimately more experimental data is needed to test the validity of these predictions and to improve their accuracy. The predictions in this paper represent the most complete prediction of the free-carrier effect in Ge in the mid-infrared so far.
In further work, it would be very useful to investigate the effect of introducing strain in Ge upon the free-carrier effect.
